Complex zeros of an incomplete Riemann zeta function and of the incomplete gamma function are calculated as functions of the upper limit X of the definition integrals. It becomes apparent that not all, but only some, of the zero trajectories of the incomplete Riemann zeta function join a zero of the Riemann zeta function r(s) for X -> <». The remaining trajectories at least in the region considered, approach the zero trajectories of the incomplete gamma function.
Introduction.
Let s = a + it be a complex variable. The gamma function can then be defined for Re s = <r > 0 by the infinite integral (1) T(s) = [ x'-V dx. Jo By replacing the upper limit of the integral by a parameter X > 0, one obtains the so-called incomplete gamma function [1] (2) y(s, X) = P(S, X)T(s) = [ JC-V dx Jo or (3) P(s, X) = -f x'-'e-' dx.
T(s) Jo
This function plays an important role in several fields. It seems to be much less well known that a similar procedure can be applied to the Riemann zeta function (4) f(í) = ¿ ~n-l " This function can be defined for a > 1 by the infinite integral (5) W-lfejfÄ*-Replacing the upper limit by X > 0 gives (6) A(s, X) = -/ -j-dx* T(s) Jo e -1
We shall call this function the incomplete Riemann zeta function.
Properties of A(s, X) have been investigated by Putschbach [2] in a manuscript, which, as far as the author knows, remains unpublished.
It is known that the imaginary parts tm of the first nontrivial zeros of the Riemann zeta function Ç(s) on the line a = \ are given by U = 14.13473, r2 = 21.02204, h = 25.01086, • • • [3] . Since lim A(s, X) = Ç(s), X-.C» it would be interesting to know how the zeros of A(s, X), if there are any, approach the zeros of f(s), if in fact they do.
It is the aim of this paper to show, by numerical calculation, the behaviour of some of the solutions s(\) of A(s(\), X) = 0 in the s-plane. In particular, it will be seen that not all of these functions s(\) approach a nontrivial zero of f (s), but only some of them. The remaining curves, at least in the region considered, approach the zero trajectories s(X) of the incomplete gamma function P(s, X) as X -> °°.
2. Other Formulae for A(s, X) and P(s, X). The definitions (3) and (6) where the Bn are the Bernoulli numbers, we see that this series converges for |jc| < 2x only. We therefore split the integration interval into two subintervals: 0 to X' and X' to X, where 0 < X' < 2:r. We substitute the series (8) into the first of these two integrals and obtain We see here that Eqs. (9), (10) and (11) are valid also in the half plane aSl, except at the integer points s = 1, 0, -1, -2, • ■ • .
For integers s = 1 -k (k 3ï 1) one finds from Eq. (10) using the limit (-1)*-1 
3. Nontrivial Zeros of A(i, X). Putschbach [2] observed that for real negative s the function A(s, X) oscillates about the function f(s), and both functions have the points defined by Eq. (13) in common. Furthermore, he found that A(s, X) has two zeros in the interval -1 < s < 0, provided X ;$ 0.6. As X increases, these two zeros eventually coincide in a double zero s*, for X = X*. For X > X*, a pair of complex conjugate zeros moves into the s-plane. The abscissa S* marks the beginning of a trajectory S^X) in the half plane t > 0, defined by ^4(Si(X), X) = 0. Putschbach found also that a second trajectory s2(X) starts in the interval -5 < s < -4. By a numerical investigation, one finds that the starting points on the negative real axis for the first six trajectories Sm are given in Table 1 . (1) for m -» co ; no attempt was made to prove this relation.
The first trajectory jt(X) has been approximately calculated by Putschbach [2] up to X = 5. He indicated that each of the curves sm(\) would probably approach a nontrivial zero of f(s) for X -» co. The author [5] extended the calculation of 5,(X) up to X = 9. The behaviour of this trajectory in the interval 5^X^9 showed that a direct approach to the first zero of f(s) seemed unlikely.
A systematic investigation of the first six trajectories Sm(X) up to X = 50 gives the result shown in Fig. 1 . The first, second, third and fifth curves, Si(\), s2(\), s3(\) and 5b(X), do not approach a zero of f(s), but continue into the half plane a > 1. The fourth and the sixth curve s4(X) and s0(X), however, reach for increasing X the zeros h = i + 14.13473/ and s2 = § + 21.02204/ of f(s), respectively. Therefore, there is no direct correspondence between the zeros sm(\) of A(s, X) for X -» co and the zeros sm of f(s) on the line a = \.
It is interesting to observe from Fig. 1 that the picture of the sm(\) curves which shows a uniform behaviour in the half plane a < -2, becomes considerably distorted in the region around a = \. In the half plane a > 5, the curves are again smooth.
The curves s"(X) and S0(X) approach the corresponding zeros sx and s2 of f(s) in different ways, as can be seen from Fig. 1 which was originally published by Tricomi [6] , and which was reproduced in [1] , shows that y*(s, X)-and hence P(s, X)-has double zeros in the intervals -2 < s < -1 and -4 < i < -3, in both cases for 0 < X < 1. Furthermore, one can see from the results obtained by Tricomi [6] , [7] that P(s, X) has a positive zero \,,(s) for each value of s satisfying
This function \B(s) has a maximum value X* at a certain value s = S* ; this means P(s, X) has a double zero at S* for X = X*. As in the case of the incomplete zeta function, these double zeros are starting points for trajectories $m(\) with P(Sm(\), X)=0 in the 5-plane. A numerical investigation then gives the starting points for the first five trajectories 3"(X) as shown in Table 2 . Tricomi [6] , [7] has shown that the following asymptotic expression for the positive zero \o(s) holds for s -» -co in the above intervals A comparison with Table 2 shows that for m = 5 the error is less than 0.1%. Introducing Eq. (24) into Eq. (22) gives for m -> oe (25) X*~2rm -^t-]-log m + 0.03213.
The trajectories §m(X) have been calculated for the given values of m up to X = 50. They are shown in Fig. 1 . These curves behave much more uniformly than those of the incomplete zeta function. In addition, they join, at least in the region investigated, those zero trajectories Sra(X) of A(s, X) which do not end in a zero of f(s). This means there is a correspondence between Si(X) and Si(X), s2(\) and S2(X), s3(\) and S3(X), and between s6(\) and §4(X). 5 . The Numerical Calculation of the Zero Trajectories. The expression (7) for P(s, X) and the expression (10) for A(s, X) were used for the evaluation of sm(X) and of i"(X), respectively. Most of the calculations were carried out in double-precision arithmetic on a CDC 6600 computer, corresponding to about 28 decimal digits. For 54(X) and §6(X) with X > 25, it became apparent that the series (7) is no longer suitable, because of the fact that the value of P(s, X) lies in the round-off region. In this case, the relation 10) and (26) were calculated with an adaptive doubleprecision Gaussian integration routine [8] . The summation in Eq. (7) was carried out until the modulus of the coefficient became for fixed X less than 10"J0. The upper limit for n in Eq. (10) was taken to be 60, which is a safe value. This can be seen from the asymptotic behaviour of the Bernoulli numbers and from jS60/60! «a 0.26 X 10"47. The Bernoulli numbers were taken from [1] . The sum in Eq. (26) was calculated as far as n = 40. In fact,-the time for summing the series in Eqs. (10) or (26) is quite negligible in comparison to the time required for the computation of the integrals.
For the determination of the zeros, a library program written by Gérard [9] for solving a system of nonlinear equations by Newton's method was applied to the two equations Re A(s, X) = 0, Im A(s, X) = 0, for finding sm(X), and to Re P(s, X) = 0, Im P(s, X) = 0, for finding Sm(\). In both cases the unknowns were a and /. Since X" and \/v(s) have no zeros in the region of the complex plane considered, only the moduli of these functions were taken into account (as convenient scaling factors). In order to find the starting points S* and 5* , the systems 0 0 were solved for the unknowns s = a and X, using the same program.
A(s, X) = 0, -A(s, X) ds and Pis, X) = 0, -PC». X) The search for the zeros along the trajectories sm(\) and g"(X) was made in the following way. From an approximate value s' for a given X the program of Gérard calculated the true value sm or sm by iteration to five decimals. The approximation s' was found in several ways: using previous calculations [2], [5] , using the initial values given in Tables 1 and 2 , or, in some cases (mainly for m ^ 3 and X > 25) by an extrapolation from the trajectories already calculated. Once the true solution sm or S" had been obtained, X was replaced by X + AX and the solution s(\) was used as an initial approximation s' to s(\ + AX). The increment AX was chosen empirically to be 0.25. In a final run, the functions A(s, X) and P(s, X) were calculated for the four arguments 5 = s"(X) ± 10~6 and s = sm(X) ± 10"6/. Simultaneous sign changes in the real and the imaginary parts of the functions were found in all cases. Table Ml gives five-digit values of the zeros of A(s, X) for the first six trajectories sm(\). The values for the zeros of P(s, X) for the first five trajectories s"(X) are given in Table M2 .
The general behaviour of the other trajectories im(X) for m > 6 and Sm(\) for m > 5 seems to be unknown. It is probable that s7(X) joins §5(X) and that sa(X) ends in the third zero of f(s)> that is. at s3 = § + 25.01086/. Of course, it would be of 
